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ABSTRACT

A linearly ordered structure M = (M, <, - - -} is called o-minimal if every
definable subset of M is a finite union of points and intervals. Such an
M is a CF structure if, roughly said, every definable family of curves
is locally a one-parameter family. We prove that if M is a CF structure
which expands an (interval in an) ordered group, then it is elementary
equivalent to a reduct of an (interval in an) ordered vector space. Along
the way we prove several quantifier-elimination results for expansions and
reducts of ordered vector spaces.

1. Introduction

General o-minimal theories were first studied by Pillay and Steinhorn in [PS].
The classical examples include the real field, the natural numbers with the usual
order, and ordered vector spaces over the rationals, reals, or any ordered division
ring. It is examples of the latter sort (and their reducts) which concern us here.
We remind the reader that a first-order theory T with distinguished total order <
is o-minimal if for any M |= T, any definable subset of M is a union of finitely
many points and open intervals. We will always assume that our structures are

densely ordered by <.
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Although o-minimal theories cannot be stable, they are close relatives of those
stable theories called strongly minimal or those called weakly minimal. Our
experience leads us to believe that they are closer to the latter. The models
of such theories carry an exchange geometry naturally induced by the algebraic
closure operation (on subsets); this is also the case for o-minimal theories. In re-
cent stability theory, one of the crucial assumptions on the geometries so arising
is that they are locally modular. This condition is known to separate those
that are geometrically complex from those that are relatively simple. For weakly
minimal theories, the assumption that local modularity occurs locally (i.e., when
one restricts the geometry to the set of realizations of some strong type) is equiv-
alent to the notion of 1-basedness. A great deal is known about 1-based weakly
minimal theories. If such theory T is nontrivial, it interprets an abelian group A,
which can be described as a reduct of a weakly minimal module (see [HL]). Our
results can be considered as an o-minimal version of these; we will not otherwise
deal with them.

We believe that the notion corresponding to 1-basedness in the o-minimal
context is what we define below as the CF property. Roughly, it says that if we
have any uniformly definable family of partial functions, then these functions can
be defined using a single parameter. Evidence for the naturality of this condition
is in the results below, together with the following two results:

THEOREM 1.1 ([P1]): Let M = (M;<,---) be an o-minimal structure with
the CF property. Suppose that M has nontrivial geometry (equivalently, M is
nondyadic). Then there is an interval of M on which a structure of a group-
interval is M-definable.

This result is our starting point here. The notion of group-interval will be
defined properly below; for the moment, think of a closed and bounded interval
in an ordered group with the group operation restricted to that interval.

On the other side, there is:

THEOREM 1.2 ([P2]): Let M = (M;<,...) be a reduct of the real field which
does not have the CF property. Then there is an interval of M on which a real
closed field is M-definable.

Our work will be the characterization of groups and goup-intervals satisfying
the CF condition. Specifically, we will prove:
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THEOREM 1.3: Let T be an o-minimal theory satisfying the CF property.

1. T is the theory of a group, then it is a reduct of
Th({V;+,<,d,a: d € D,a € V;)), where (V;+,<,d: d € D) is an or-
dered vector space over the ordered division ring D, and V; is a collection
of algebraic points.

2. If T is the theory of a goup-interval, then T is Th(M), for some M as
follows. Let V be an ordered vector space, as in the last clause, I some
interval in V and consider the structure induced by V on I. M is a reduct
of this structure.

There is_actually more information contained below, including a quantifier
elimination result for the reducts of ordered vector spaces. We also show that if
T above is modular then we can omit the word ‘reduct’ in both statements. Note
that this result, taken together with Theorem 1.1, gives complete information,
at least locally, about nontrivial CF theories.

2. Preliminaries

2.1 O-MINIMAL STRUCTURES. We first introduce some logical conventions:
The symbol M will be reserved for structures, and M for the universe of M.
Unless otherwise stated, we take ‘definable’ to mean ‘definable with parameters’.
In some cases we will make precise the fact that we use parameters from A by
saying ‘A-definable’. For B C M and a € M, we say that a is in the definable
closure of B, a € dcl(B), if there is a formula with parameters from B such
that a is the unique element satisfying this formula. We say that a is in the
algebraic closure of B, or a € acl(B), if a is one of finitely many solutions
to such a formula. We sometimes call ¢ an algebraic point if it is in acl(().
Notice that in ordered structures the definable closure is the same as the alge-
braic closure. We say that M has trivial geometry if for every A C M we have
acl(4) = Uyeq a¢l({a}).

The first order languages we consider will always assume to contain the binary
relation <, interpreted in all structures as a dense linear ordering. Given M, we
always refer to the topology induced by < on the different M*’s. A structure
M is called o-minimal if every definable subset of M is a finite union of points
from M and open intervals, all of whose endpoints lie in M U {£oo}. As was
shown in [KPS], if M is o-minimal and /' = M then V is also o-minimal. We
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refer the reader to this last paper and to [PS] for the following basic results and
definitions.

The cell-decomposition theorem says that every A-definable set in an o-minimal
structure is a finite union of A-definable cells (we omit here the definition of a

cell). The following corollaries immediately follow:

COROLLARY 2.1: Let U C M™ be an A-definable open set and f an A-definable
function from U into M. Then U can be partitioned into finitely many A-
definable sets, Uy, ..., Uy, such that f is continuous on each U;.

The following corollary can actually be strengthened to give quantifier elimi-

nation down to the relation < and the 0-definable partial continuous functions.

COROLLARY 2.2: Let M be o-minimal and {f;}ier the collection of all 0-
definable continuous (partial) functions from M™ into M, for various n. Then

every 0-definable set is 0-definable in the language containing < and the graphs
of all the f;’s.

One of the main tools in the proof of the cell-decomposition theorem is the
fact that, in o-minimal structures, every definable unary function f is piecewise
monotone. Namely, its domain can be partitioned into finitely many intervals and
points such that on each interval f is either strictly monotone or constant. As a
corollary, we have the exchange principle for the definable closure in o-minimal
structures.

We define two notions of dimension for an o-minimal structure M. As we will

point out below the two are related to one another. The algebraic dimension of
a subset 4 € M over another subset B C M is defined to be:

dimA/B = min{|A'|: A' C A and for all a € 4,a € dcl(4' U B)}.

The topological dimension of a definable subset of M* is defined as follows:
Since every cell C is definably homeomorphic to an open subset of some M™,
for a unique n, we can define the dimension of C to be thisn. ¥ U € M* is a
definable set then

dim(U) = The largest n such that U contains a cell of dimension n.

These notions have all the properties we expect them to have. Namely,
dim(A/B) is the same as the cardinality of any maximal independent (over B)
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subset of A. If U = C1U---UCy, is a union of cells then dim(U) = max{dim(C;)}.
Furthermore, as was pointed out in [Pi], if {Us}sep+ is an A-definable family
of uniformly definable sets then, for every I € N, the set {a : dim(U;) = 1} is
A-definable. We also make use of the fact (see [vdD]) that for a definable set
X C M™", the boundary of X in M™ has dimension smaller than that of X.

The following dimension formula for tuples was established in [Pi]: If @, are
tuples from M and A C M, then

dim(#d/A) = dim(a/vA) + dim(3/A).
The next definition brings together the two notions of dimensions.

Definition 2.3: Let M be an o-minimal structure, and assume that U is an A-
definable subset of M* for some k. We say that i, is generic in U over 4 if
dim(ite/A) = dim(U).

As was noted in [Pi], if M is an w-saturated structure, A C M is finite and U
an A-definable set, then

@g is generic in U over A iff dim(iig/A) = max{dim(u/A) : i € U}.

For U a definable subset of M* and @ € U, we say that V C U is a neigh-
borhood of @ if V contains an open set around #% in the relative topology of
U. 1t is easily seen that if V C U is a neighborhood of a generic point in U,
then dim(V) = dim(U). Now if 4, is generic in U over A and if V C U is an
A-definable set containing #g, then the boundary of U\V has smaller dimension
than that of U and hence % is an interior point of V in U. It follows that when-
ever g satisfies a first order property which can be stated using parameters from
A then there is a neighborhood V' C U of @y where this property holds.

Some of the work in this paper will be done under the following assumptions:

Definition 2.4: (i) A structure M called modular if for every two subsets
A,B C M we have

dim(A/0) + dim(B/0) = dim(dcl(4) N del(B)/0) + dim(A U B/0).

M is called locally modular if there is a tuple @ from M such that (M, a) is
modular.

(i1) A theory T is called modular (locally modular) if there is a |T|*-saturated
model M = T which is modular (locally modular).
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2.2 ON DEFINABLE EQUIVALENCE RELATIONS. We first introduce some nota-
tion. Let U be a definable subset of M™. For E a definable equivalence relation
on U denote by [u]g the E-equivalence class of i in U. We define the dimension
of the quotient % as follows:

For k € {0,...,dim(U)}, we let UZ = {& € U : dim([i]g) = k}. Notice that
UE is definable over the same parameters used to define U and E. We then
define:

dim (%) = max{dim(UF) - k: k € {0,...,dim(V)}}.

In [P1] several basic results were proved for this notion, demonstrating why this
definition is natural. We will use time and again the fact that the dimension is
a definable notion, in the sense that if {U;, Ea}aew is a definable family of sets
equipped with a definable equivalence relation then for every l € N {a € W :
dim (%’ll) = [} is a definable set. We also use the fact that dim(U/E) > 1 iff there
are infinitely many E-classes in U. For U and E as above, if V C U is a definable
set we will use E to denote also the restriction of the equivalence relation to V.
Hence ¥ is just {[5]g NV : € V}. The facts below are easily deduced from the
definition. They were originally established in [P1] and like most other results
from there which we quote here, appear now in [P3].

FacT 2.5: For U and E as above,
(i) IfU = UU; for some finite collection of definable sets then

)

(ii) Let U C M™ be a definable set and let Ey, E; be two definable equivalence
relations on U such that E; C E3 and such that for all @ € U, dim (%1 <

r, then .
U U
] — ] <di — .
dim <E1> < dim (E2> +r

(iii) As in (i1), but replacing < by > in both places.

(iv) Assume that V C MT is a definable set and F a definable equivalence
relation on V. Let f : U — V be a definable function such that for all
i1,y € U we have iy Et, iff f(ii;)F f(@2). Then

i (2) = im (22,
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(v) Ifdim (%) <1 then for every generic iiy in U over A we have dim([iio]£) >
dim(U) - I
(vi) K for all u € U dim([@]g) > dim(U) — then dim(U/E) < 1.

We will make use of one more fact regarding definable equivalence relations.

FACT 2.6: Assume that U and E above are A-definable. Let 4y be generic in
U over A and let By be generic over g in Uy = [iig)g. Then g is generic in Uy

over vg.

Proof: On one hand, dim(%o/%) = dim(U;) > dim(io/%e) (since U; is ¥o-
definable). On the other hand, dim(%g/to) = dim(ig%/0) — dim(ip/0) <
dim(ﬁoﬁo/@) - dlm(‘l_)o/ﬂ) = dim(t_lo/’l_)o). [ |

2.3 GROUPS AND GROUP-INTERVALS. For the sake of simplicity, we make the
convention that whenever we have an o-minimal group it is assumed to be an

ordered group. We will make use of the following;:

ProrosITION 2.7 ([PS]): Let M be an o-minimal group. Then M has no
definable subgroups except {0} and M. Hence, M is abelian and divisible.

As a corollary, if M is an o-minimal group, then the binary function + is

continuous.

Definition 2.8: Let M = (M;< ...) be an o-minimal structure with endpoints,
say M = [a,b]. We say that M has a group-interval structure, or is a group-
interval, if there is a 0-definable partial binary operation + in the structure

satisfying:
1. + is continuous, and strictly increasing in each variable.

2. + is associative, where defined; i.e., (z + y) + z is defined if and only if
z + (y + 2} is, and then they are equal.

3. + is commutative, when defined.

4. There is an identity 0 in M and for each z € M an inverse —z, and we

always have 0 + z = z and z + (~z) = 0.

5. For ¢ > 0in M, the function z — ¢+ z has domain [a, b+ (—c¢)] and range
[a +¢,b].
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6. For ¢ < 0, the function z — ¢+ z has domain [a + (—¢),b] and range
[a,b+ €]

The obvious example is a closed interval of an o-minimal ordered group. We will
see below (Proposition 5.2) that this is the only example thus the name group-
interval is indeed justified. This definition is not quite identical with the one
in [P1); in particular, there commutativity is derived from the other properties.
Also, in [P1] parameters are allowed in the definition of + and [a,5]. Our focus
here is different; we are not interested in finding a group-interval inside another
structure, but rather taking a group-interval (or a group) as our basic structure.
We are assuming then that whatever parameters are necessary have already been
fixed.

There are a few things to be said about this definition. First, a similar notion
could easily have been defined without assuming the structure is o-minimal, but
we stick to the o-minimal case. Several properties of o-minimal group-intervals
were derived in [P1]; we will have use for three, besides commutativity. First,
the operation is clearly torsion-free. A little harder to see is that it is divisible;
in particular, for any z in a group-interval, there is a unique element %z so that
37+ 3z = z. Finally, for any z,y in a group-interval, the sum }z+ }y is defined.

We remind the reader here of the first theorem quoted in the introduction; any
CF structure with nontrivial geometry has an interval which has a group-interval
structure, definable in the original structure.

Notice that there is no restriction on what further structure a group-interval
may have. We follow the usual stability-theoretic practice of using the word
“group” for any structure with a 0-definable group operation on the universe,
with possibly other structure. The same convention applies for “group-interval”.
Indeed, our plan here is to determine precisely which expansions of a pure ordered
group (or group-interval) structure can be o-minimal and satisfy the CF property.

In contrast to the convention for groups, we will use the term “ordered vector
space” with almost complete strictness, allowing only expansions by constants.
Once and for all, we define an ordered vector space (0.v.s.) to be a structure
V = (V;+,<,0,d,a: d € D,a € V) where D is some ordered division ring,
V an infinite ordered D-space, and V} some collection of distinguished points.
(Without loss of generality V} is a subspace of V, possibly trivial.) By an interval
in an ordered vector space we mean a structure Z whose universe is an interval

I of V for some o.v.s. V, and this set is endowed with all the structure it inherits
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from V. We assume that the endpoints of I are in V;. Let L be the language of
V; for every L-formula x(Z) with no parameters, we have an I-predicate P,(Z).
For a C I, we have T |= P, (@) if and only if V |= x(a). The interval in an ordered
vector space is then the structure (I; Py: x € L). We normally assume (with no
loss of generality) that for some ¢ > 0in V, I = [—¢,¢].

For any structure M and 0-definable X € M, we use the notation M|X for
the structure X created as 7 was created in the last paragraph. That is, the
language of M|X consists of the P,'s as above, with the obvious interpretation.
So in the last paragraph, 7 = V|I.

Here is perhaps the appropriate place to mention that for the structure 7
just mentioned, we have quantifier elimination in a rather natural language. For

z,y € I, define
z+y
7
Also, let D' be the collection of all d € D so that d(I) C I. Sod € D' if and

only if |d| < 1. (We use the absolute value notation here and elsewhere in the

Ty =

obvious way for any ordered group; |z| is either z or —z, whichever is > 0.) In the
language L' we take @ and the elements of D’ as basic function symbols and also
add names for all the algebraic points of Z. We let I’ be the obvious structure
on I for L'. The claim is that Th(Z') eliminates quantifiers and that 7 and I’
are interdefinable, which term we will explain very shortly. We leave the gq.e. to
the reader; it’s not much harder than the q.e. result for ordered vector spaces.
The interdefinability of the two structures is an easy consequence of Proposition
5.1 below.

For M; € M; two o-minimal groups or group-intervals we call a € M; an
infinitesimal with respect to M; if 0 < |a| < b for all b # 0 from M;. ais
infinite with respect to M, if a > & for all b € M.

In the past few years, the word “reduct” and its relatives have been used for
various distinct notions. We therefore spell out exactly how we will use the words

“reduct” and “interdefinable”.

Definition 2.9: Let M and M’ be two structures with the same universe M for
possibly different languages. We say M is a reduct of M’ if for every n, all
the subsets of M™ 0-definable in M are also 0-definable in M'. Note that we do
not allow parameters in the definition. If each is a reduct of the other, we say
that M and M' are interdefinable. For two theories T and T', we say that
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T is a reduct of T" if there are structures M and M' such that T = Th(M),
T' = Th(M') and M is a reduct of M'. Similarly, we define T is interdefinable
with 7".

3. The CF property and linear theories

Throughout this section we will assume that T is an o-minimal theory. Every
structure M we consider is assumed to be a model of T.

Suppose that W C M™*! is definable and that F: W — M is a definable
function. Let U € M™ be the projection of W on the first n coordinates. Then
F generates a definable family of (partial) unary functions ¥ = {fa: & € U},
defined by fa(z) = F(i,z). We say that F is continuous if the function F
is continuous on its domain. For # € U, denote by I; the domain of f;. For
J C M and 4,4, € U, we say that f3,|J = fa,|Jif Iz, NJ = I3, NJ and for all
z in that set we have fa,(z) = fa,(z). F induces the following two equivalence

relations on U

Definition 3.1: (i) For J C M, define @, ~ @s iff fa,|J = fa,|J.
(ii) For a € M, define ii; ~, i, iff there exists a’ > a such that @) ~(4 41 2.
|

It is immediate that the two are indeed equivalence relations. They are definable
with the parameters used to define U, F, J and a. These equivalence relations
depend on F but we use them only when it is clear which F we refer to. Notice
that if fg,, fa, are not defined on any interval of the form (a,a’) then #; ~, ;.

For F as above, the relation ~, induces an obvious equivalence relation on the
fa’s. We call the equivalence class of f; with respect to this relation the germ
of f; at a and denote it by [fz]. By o-minimality, if fa,, fa, are two functions
defined on (a,a') then there is a; > a such that, on the interval (a,a;1), either
fa, < fa, or fa, > fa, or fa, = fa,. It is easy to verify that this linear ordering

induces a definable linear ordering on the germs at a. In particular, if

dim (—U—) =0

then each equivalence class in % is definable with the same parameters that

~

were used to define ~,.
We can now define the CF property.
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Definition 3.2: We say that M has the CF (Collapse of Families) property
if for every definable family of functions F = {fs: 4 € U}, and every a € M we

dim (—U—) <1

We also call such an M a CF structure. [ |

have

As we later show, in the presence of a group or a group-interval the CF property
is equivalent to saying that all definable sets are semi-linear.

PRrOPOSITION 3.3: If M is an w-saturated structure then the following are
equivalent:

(i) M has the CF property.

(ii)Assume that F and U as above are A-definable. Let a be in M and assume

that iy is generic in U over aA. Then there is a neighborhood V C U of iig and

a' > a such that v
dim ( ) <1
~(a,a’)

The proof is immediate once we establish the following lemma:

LEMMA 3.4: Let M be an w-saturated model. Let U, F and a be as before
and assume that U and F are A-definable. Then:

(i)
dim (—g—> <l

then for every g generic in U over aA there is a definable neighborhood V C U

of 4y and a' > a such that
dim( 4 ) <l
~(a,a')

(i1) Assume that for every A-definable subset Uy C U and for every generic
tig € Up over aA there is a neighborhood V C Uy of iy and @’ > a such that

dim( 4 ) <l
~(a,a')

Then
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Proof: Without loss of generality A = § and a is 0-definable. Let dim(U) = k.
In the following argument all equivalence classes of the form [6]g are taken in
U.

(1) Let o be generic in U over § and ¥y generic in [tig)~a Over @g. There is then
a; > a such that fz |(a,a;1) = fi,|(a,a;1). Clearly, if a; € (a,2;) then we still
have f3,|(a,a2) = fs,|(@,a2). So without loss of generality, a; ¢ dcl(ioDp). By
Fact 2.6, i, is generic in [iip)~, over Dy, hence it is also generic there over a; .
It follows that there is a neighborhood V; C [@g]~, of g such that for every
o € WV the formula f3|(a,a;1) = f3,|(a, a1) holds. In particular, this implies that
Vi C [to]~, ., and therefore dim([To]~, , ,) = dim([to]~,) = k ~ I (the latter
by Fact 2.5 (v)).

Pick o' € (a,a1), not in dcl(iio). Since [to]~,, ., € [Ho]~, .,y C [Ho]~, We still
have dim([@o]~,, ,,,) 2 k1. Let ¢(ito, a') be the formula saying ‘dim([go]~, ,.,)
>k—Pandlet V={b€U: Mk p(4d)}. #ipisin V and since it is generic in
U over o' we have dim(V) = dim(U). By Fact 2.5 (vi), we have

dim( 14 ) <l
~(a,a’)

(ii) We will use induction on dim(U). Let @, be generic in U over §. There is a
neighborhood V C U of 4ig and @' > a such that

dim( 4 ) <k-1L
™~(a,a")

But then, by Fact 2.5 (v), dim([#o]~,,,,NV) 2 k — I, which implies that
dim([@o]~,) 2 k - 1.
Let Uy = {@ € U: dim([&].,) > ¥ —!}. Then

dim (ﬂ) <l

The above argument shows that dim(U \ U;) < k hence, by applying induction
to U \ Uy (Us still satisfies the hypothesis of (ii)) we have

dim (U > U‘) <l

~a

But, by Fact 2.5 (i),

dim (-g—) = max{dim (ﬁ) ,dim (g-—\—U—l)} <L B
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Using the equivalence in Proposition 3.3 we can now rephrase a result from
[P1].
PROPOSITION 3.5: If M is a locally modular structure then it has the CF prop-
erty.

Remarks:

1. The standard example of a CF structure is an ordered vector space. This
structure is also modular. However, as Example 4.5 shows, M may have the CF
property and not even be locally modular. A standard example where the CF
property fails is a real closed field, where the family of curves given by { fu,4,(z) =
u1Z + ug: uy,u2 € R} doesn’t collapse at any point in R.

2. If M is a CF structure and N' = M then N is also a CF structure (the CF
property clearly can be written as a first order scheme). We call a theory T a
CF theory if it has a CF model. Note that the CF property is preserved under
reducts, hence the following converse of Theorem 1.3 holds: If M is an ordered
reduct of (an interval in) an ordered vector space then M has the CF property.
3. We should point out that one can define another equivalence relation E,
similar to ~,, but instead of considering a’ > a we could have considered o’ < a.

One can show that M is a CF structure iff for every F, U and a we have

) U
—_— < .
dim (Ea) <1

We can also define another equivalence relation, call it ~,, by: 4, =, i, iff there
are a; < a < az such that fz |(a1,a2) = fs,[(a1,02). One can show that M is a
CF structure iff for every generic @ € M we have

dim (g) <1

Definition 3.6: For A C M, a point a € M is called nontrivial over A if there
is an A-definable partial function k(z,y) such that h is defined, continuous and
strictly monotone in both variables on some A-definable neighborhood of the

point (a,a). a is called nontrivial if it is nontrivial over some A C M. 1

If f(z) is a definable function and a € M, then lim,_,,+ f(z) (the limit from the
right of f(z)) is always defined and is in M U {£o0}. For F = {fs: u € U} a
definable family of functions and for a € M, b € M U {£o0}, we define Uy =
{z € U: lim,_,+ f(z) = b}.
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PROPOSITION 3.7: (i) Assume that M has the CF property and that a is a
point in M, nontrivial over some set A C M. Suppose that F = {fs: i € U}
is an A-definable continuous family of functions, each defined on some interval
(a,d'(@)). Then, for every b € M U {£oo} we have

dim (Uub> =0.

(i) Assume that M does not have the CF property, then there is a definable F,
as above, and a point a € M, such that

dim (U") > 1

Proof: (i) Let h(z,y) be strictly monotone in both variables on some neighbor-

hood of the point (@, a) and let , U and b be as above. By restricting ourselves
to U,p we will assume that U = U,,. We may assume that there is iig € U such
that [fs,] is not the germ of a constant function (for otherwise we are done).
Replacing F by the family { f,{ol fa: @ € U} (where f,-:;l fa is taken where defined,
i.e. on some interval near a), we may assume that a = b. We need to show that
F has only finitely many germs at a. Assume that there are infinitely many such
germs, all “going through” the point (a,a) (see Fig. I).

(a,¢€)
(ard)

(a,a) (a,c) -

Fig. I Fig. II

Consider the following family of functions:

gat(z) = h(t, fa(z)).

By the continuity of F, there is a neighborhood V C U of %3 and o' > a such
that gs¢(z) is defined and continuous for all ¥ € V, t € (a,a’) and z € (a,d'). Let
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I = (a,d') and G = {gs:: ¥ € V,t € I}. The monotonicity of h in both variables
ensures that G is a union of infinitely many translates of 7. The germs in any
two such translates “go through” different points (a, ), (a,d) (see Fig. II). Using
the properties of quotients from Fact 2.5, one can show that

dim(VXI)Z2

a

(with respect to G), contradicting the CF property. We leave the details to the
reader.
(ii)) Let F = {fa: 4 € U}and a € M witness the failure of the CF property.

Namely,
dim (—q-) >2,
~a

Notice that if there is b € M U {00} such that

dim (Uab) >1
then, as in part (i), we may assume b = a and we will be done. Let U; be the union

of all the Ug’s, b € M U {£oo}. It is easy to verify that dim (N—U.) = dim (—gf)
For @,z € Uy, define %, Eip iff %) and @, are in the same Uy;. It is easy to see

that
. (O
dlm (E) =1

and by Fact 2.5 (ii), there is b € M U {400} such that

dim (U"b) >1. 1

Assume now that M = (M;+,<,--*) is an o-minimal group, or a group-

interval. First we make the following definition.

Definition 3.8: For M as above, let f be a definable partial function from a
definable set U C M™ into M.

(i) We say that f is linear on U if the following hold:

For M a group, given z;,%Z, € U and t € M™,

if Z) +1,2; + T € U then f(Z1 +1) — f(51) = f(Z2 + 1) - f(Z2).
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For M a group-interval, given Z;,7; € U and t € M™®,

lf51/2+t—/2,52/2+t_/2 eU
then f(21/2+1/2)/2 - f(21/2)/2 = f(22/2+/2)/2 - f(22/2)/2.
(We divide by 2 to ensure that + and — are defined.)

(i) We say that f is piecewise linear on U if we can partition U into definable
sets Uy,...,Ux such that f is linear on each Uj;.

PROPOSITION 3.9: Assume that M has the CF property. If f(z) is a definable
function from an interval (a,b) C M into M then f is piecewise linear on (a, b).

Proof: We prove the result for a group M. The proof for a group-interval is
similar.

Without loss of generality we may assume that f is continuous on (4, b). Define
the following family of partial functions parametrized over (a,b). For z € (a,b)
and ¢t > 0, let

9:(t) = f(z +1) - f(2).

Notice that every g, is defined on some neighborhood of 0 and that for all z we
have g,(0) = 0. The point 0 is a nontrivial point over @ since the function z +y
is defined in some neighborhood of (0, 0).

Now, using Lemma 3.7, we know that

aim () o

So, by partitioning (a, b) into finitely many sets we may assume that %’:—) contains

a single class. Namely, given any z;,; € (a,b),
3e > OVE € [0, €], (92, (t) = g2,(t))s
which means
1) e > 0Vt € [0, €](f(z1 +1) = f(21) = f(z2 + 1) — f(22))-

To conclude the proof we want to omit the e -restriction in the above statement.

Given any z;,z € (a,b), let m = min{b — z1,b — z2}. Define

Llhzz = {CE (Oam): Vi,0<t < eaf(:cl +t)—'f(zl) =f(1:2 +t)—f(1'2)}.
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It is sufficient to show that L,, ,, = (0,m).

By (1), Lz, ,z, # 0. By the definition of L;, ;, and the continuity of f, it is
clearly a closed set. To see that it is open, assume that € € L, ,,. Since f is
continuous we have f(z1+e)—f(z1) = f(z2+¢)— f(z2). By (1), thereis an ¢; such
that for all 0 < ¢ < ¢; we have f(z, +e+t)— f(z1+¢€) = f(zz+e+1)~ f(z2 +¢).

Putting the two together we get

flz1+e+t)— f(z1) = f(z2 + e+ 1) — f(z2),

which implies that (0,e + ¢;) C L., 2.
So, Lz, z, is a clopen set but since every interval is definably connected we

have L, ., = (0, m). |

ProPoOSITION 3.10: Let (a,b) C M be an interval containing 0 and assume
that f: (a,b) — M is a ¢-definable function, linear on (a,b), for which f(0) = 0.
Then there is a O-definable function g and a ¢-definable interval (a;,b;) C (a,bd)
containing 0 such that f|(a1,b) = g|(a1,b1).

Proof: Assume that ¢isin M™. Let ¢{z,y,¢) be the formula defining the graph
of f. The above definition of linearity makes it clear that this is a first order
notion in the language of M. We may assume then that for every %, the formula
¢(z,y,4) defines the graph of a linear function f; on an interval containing 0
and that f(0) =0.

Consider the family of functions {fz; i € M™}. By Lemma 3.7 we know that

Hence, as we have already commented, [¢]., is O-definable. But since every
function in [fz] is linear and agrees with f: on some interval containing 0 it must
agree, by o-minimality, everywhere on their common domain. Take now ¢ to be
the union of all functions in [fz]. ¢ is 0-definable and we can define (a;, b;) to be
the interval on which g agrees with fz. This interval is clearly ¢-definable. |

Definition 3.11: Let T be an o-minimal theory of a group or a group-interval.
We say that T is linear if Proposition 3.9 and Proposition 3.10 hold when we
replace M by any model of 7. 1
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As we have just shown, if T has the CF property then it is linear. Our work

below implies that the converse is also true (one may also verify it directly).

4. Partial endomorphisms and the moduar case

We fix, for the purposes of this section, an o-minimal theory T so that any
M E T is either a group or a group-interval, with operation +. We call a 0-
definable partial unary function f of M |= T a partial endomorphism (p.e.)
if:

1. The domain of f, dom(f), is either all of M or (—c,c) for some ¢ > 0;

2. Whenever a, b and a+b are all in dom(f) (so in particular a+b is defined)
then f(a +b) = f(a) + f(b).

Notice that because + is continuous with respect to <, any partial endomorphism
is, too. Obviously, the fact that a formula of two variables defines the graph of a
p.e. is independent of the particular model M chosen.

It is clear that if f and g are p.e.’s, then f+g, fog, —f and f~! (if f # O oniits
domain) are also p.e.’s. Here for example, the domain of f+g¢ is dom(f)Ndom(g).
We define an equivalence relation E on p.e.’s by fEg if and only if for all a €
dom(f) N dom(g), we have f(a) = g(a).

PROPOSITION 4.1: Suppose f and g are p.e.’s.
(1) If there is some a > 0 in dom(f) N dom(g) such that f(a) > g(a), then for
any b > 0 in the common domain, f(b) > ¢(b).
(2) If f(a) = g(a) for some a # 0 in their common domain, fEg.

Proof: (1) By the assumption and the continuity of f and g, the set {z >
0: f(z) > g(z)} is open and nonempty in dom(f) N dom(g). If its infimum
c is positive, choose any ¢' in the set so that ¢! < 2¢; we have f(c') > g(c')
but f(52'-) < g(cz—'), a contradiction. Thus ¢ = 0. Now if this set is not all the
positive elements of dom(f) N dom(g), let d be the supremum of the first interval
it contains. Consider f(%) and g(2). Thus f(b) > g(b) for all b > 0 in the
common domain. For (2), notice that if it is not the case that fEg, we have
f(a) # g(a) for some nonzero a in dom(f) N dom(g), Without loss of generality,
f(a) > g(a) and a > 0. By (1), f(b) > g(b) for all b > 0 in the common domain,
so f(b) < g(b) for all b < 0 in the common domain. This gives (2). |
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It is now clear that E is a congruence for the operations mentioned in the
paragraph preceding the proposition. Further, the E-classes are naturally or-
dered: f/E < g/E if and only if for some (any) a > 0 in dom(f) N dom(yg)
we have f(a) < g(a). The proposition makes it clear that the choice of f,g in
their respective classes and a > 0 is irrelevant. Thus the collection of E-classes
naturally forms an ordered division ring, which we will call D. Also, since any
definable partial function in any o-minimal structure is piecewise monotone, an
easy consequence of this proposition is that any p.e. not constantly 0 on its
domain is either order-preserving or order-reversing (depending on whether its
E-class is > 0 or < 0).

If T is linear then, for any a € M, every p.e. 0-definable in Th(M, @) is the
restriction of a p.e. 0-definable in M to an d-definable set. Also, if a € acl(b) for
a,b € M =T there is a 0-definable linear partial function g so that a = g¢(b).
We may choose g which has domain (u,v) and range (u', v'), where u,v,u', v’ are
all algebraic points. If 0 € (u,v), let e =0 and ¢ = g(0); if u > 0,let e = u
and ¢’ = u/, andif v €0, let e = v and ¢ = v'. In any case, we see that by
translating g to the origin and then extending it in an obvious fashion we have
that there is a p.e.f such that a = f(b + €) + ¢, where e and ¢’ are algebraic
points. It is clear also that if T is linear, M = T and b C M, then Th(M, b) is
also linear. Thus for any ¢ € acl(a,b) in M, we have that ¢ = f(a + b1) + bs,
where each of b, b, is algebraic in b and f is some p.e. This will be used in the
following.

PROPOSITION 4.2: Suppose that T is a linear o-minimal theory. Let M' be the
reduct of M |= T to the language L' containing +, <, names for the elements of
acl(p) ©€ M, and a symbol for each (0-definable) p.e. of M. Then M and M’
are interdefinable.

Proof: We show by induction on n that any subset of M™ 0-definable in M is in
fact 0-definable in M'. This is clear for n = 1, and by Corollary 2.2, we need only
check that any partial function k from M™® to M 0-definable in M is 0-definable
in M'. By induction, we may assume that the domain of A is 0-definable in M’.

Fix N = T which is |T|*-saturated and suppose that a,b is in dom(h) taken
in V. As noted above, for ¢ = h(a,b) we have a p.e.f and b1,b; € acl(b) so
that ¢ = f(a + b1) + b2. f is in L'. Write b; = g;(b), where each g; is by
induction 0-definable in M'. Again by induction, for each such triple £, g;, g2 the
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set {(z,¥): h(z,¥) = f(z + 91(¥)) + 92(9)} is 0-definable in M'. By compactness
the domain of h is the union of finitely many such sets. |

The above proof makes it clear that in any model of a linear theory, any
definable function of any number of variables is piecewise linear.

Our next project is the following:

LEMMA 4.3: Fix any M = T as above, and suppose that T is locally modular.
Let f be any p.e. Then there is a partial endomorphism g with domain all of
M such that either gEf or gEf~'. If M is a group, then we can always choose
gE f with domain all of M.

Proof: By naming some points, we may assume that T is modular. Notice that
by the linearity of T and by 4.1(2), we don’t get any new p.e.’s whose domain is
all of M when we name these points. Let us call a p.e. total if its domain is all
of M and (for M = [—a,a] a group-interval) near-total if its domain includes

a a

—2,2] for some natural number n. In case M is a group, we use near-total as

a synonym for total. Consider the set
F ={f": f a p.e. which is not near-total}
and for any N |= T, the partial type
pn = {z + e is either undefined or not in dom(f'): f' € F,e € N}.

(In case our structure is a group, any element infinite with respect to NV satisfies
pN.) We claim that this type is consistent. Indeed, if it isn’t we have e1,...¢ex €
N and f1,... fr p.esin F so that every element of N is in one of —e; + dom(f;).
We can suppose that f; has the largest domain of all the f;’s; but then finitely
many translates of dom(f,) cover all of N, clearly contradicting that f; is not
near-total.

For our given model M, choose any b |= ppy and then ¢ independent (with
respect to the algebraic closure) from b over M such that b — ¢ is infinitesimal
with respect to M; in particular, b—c is in dom(f) for any p.e.f and also ¢ = py.
Notice also that f(b — ¢) is infinitesimal with respect to M. Choose any N T
containing M U {b,c} and then d realizing py. Now let e = f(b—c) + d; it is
immediate that e = pn.

Now by the modularity of any mode! containing all of our points, we have some
element u € acl{b,d} N acl{c,e} not in acl(y). So there are p.e.’s h and k with
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u = h{d+ b))+ b = k(e + 1) + c2, where by, by are algebraic in b and ¢;, ¢z in
¢. We must have both h and k near-total, and we may assume they are in fact
total. To see this, notice that the functions naturally denoted by h(%) and k(£)
are total for suitable n; replace h and k by these, and then replace u, b; and c; by
their nth parts. Thus u = (h(d) + h(b1)) + b, and letting ¥’ = h(by) + by (which
is defined) we have u = h(d) + b’ and ¥' € acl(b). Similarly, there is ¢’ € acl(c)
so that u = k(e) + ¢'.

It is easily seen that h = k. For we have now h(d) + ¥ = k(f(b—¢c)+d) +¢'.
Since d is independent from b, ¢ there is an interval I around d such that the latter
equation holds with any d' € I replacing d. In particular, by taking ¢ > 0 small
enough we have h(d+ €) + V' = k(f(b—c)+ d +¢) + ¢, and hence h(d) + h(e) =
k(f(b—c)+d)+k(e)+ (h and k are defined at €). It follows that h(e) = k(e) and
hence h = k. Now we have hf(b—c) = b' —c' = (g1(b+e1)+e2)—(g2(c+e3)+eq)
where ¢; and g, are p.e.’s and the e;’s are algebraic. We must have each g; near-
total, and by replacing them and h as above, we may assume they are total. So
we have for algebraic e',e” that hf(b—c) = (g1(d) + ¢') — (g2(c) + €").

Since b is independent from ¢ (over §) we may take ¢ > 0 small enough and
get, as above, hf(b—¢)+ hf(e) = (g1(b) + g1(€) + €'} — (g2(c) + €"'). It follows
that hf(e) = g1(¢), hence hfEgy. Similarly, hfEg2 and in particular g; = g3.

We now assume (as we may) that f is not equivalent to 0; we have that
fEh™'g, and f~'Eg;'h. If the range of g, is contained in the range of h, which
is of course the domain of h~!, we set g = h™1g;; otherwise we set ¢ = g7 'h. We
have g total and either fEg or f~'Eg. We may as well notice here that for M
a group-interval, we can have g total only if —1 < g/E < 1 in the division ring
D. For M a group, on the other hand, if g # 0 is total, then so is g~!, because
its domain is the range of g, which is a nonzero subgroup of M. But the only
definable subgroups of M are {0} and M (Proposition 2.7). |

We have more work to do to finish our description of modular group-intervals,
but at this point we can easily describe all groups whose theory is o-minimal and

has only modular models.
THEOREM 4.4: Suppose T is o-minimal, modular, and that M |= T is a group.

Then M with its full structure is interdefinable with an ordered vector space.

Proof: We set D to be the set of all 0-definable additive endomorphisms of M.

Since every p.e. is the restriction of a total endomorphism to some 0-definable
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interval, they are all 0-definable in the given structure. So this D is essentially the
same as the D mentioned above. The result is now immediate from Proposition
4.2. 1

Example 4.5: Let R be the structure (R; +, <, f), where f is the partial func-
tion defined on (—1,1) such that f(z) = w2 for every z in its domain. Th(R) has
models which are not locally modular, as the argument for the lemma demon-
strates. Of course R itself has modular dependence relation, as its algebraic
closure operation is the same as that of R' = (R;+,<,¢), where g(z) = nz for
all z € R. g|(—n,n) is easily seen to be definable in Th(R) for any natural
number n, but not in a uniform manner. This example indicates that a reduct
of a structure whose theory is o-minimal and modular need not be (even locally)
modular. Th(R) is easily seen to be linear.

5. Embedding a group-interval in a group

In this section, we will continue our investigation of o-minimal linear theories of
group-intervals. But first, we prove a quite general result about ordered vector
spaces with extra structure on some bounded subset. We set up some notation
first. Let (V; +, <,d: d € D) be an ordered vector space over D and I = [—ao, ao]
be a closed interval of V. Let P be any collection of subsets of I", for various
n, containing all those ag-definable in the vector space structure. For simplicity
assume that any predicate 0-definable in (I; P: P € P) is already in P. We use V
to abbreviate the structure (V;+, <,d, a0, P: d € D, P € P) and for any V* >V
set I* = [—aq, ao] evaluated in V*.

PROPOSITION 5.1: We use the notation of the previous paragraph.
(1) Th(V) admits elimination of quantifiers.
(2) Let x(%,7) be any V-formula and @ C V* = V. Then there is b C I* in
the vector space closure of @ and P(Z,2) € P so that x(V*,a) N (I*)™ =
P(V*,b).

Proof: First notice that by replacing the formula x, we may assume that
a = (a1,...,k,8k41,--.,an) Where ay,...,ax € I* and ag41,...,a, are lin-
early independent over I* in the D-space structure. To see this, we use the fact
if b is in the D-closure of {a1,...,a;} and this set is minimal such, then ¢; and

b are definable from each other over the previous a;'s; whenever possible, we
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apply this to replace any a; by an element of I*. Having done this, our b will be
(aty---,ak).

Now any automorphism of (I'*; P: P € P) extends uniquely to a D-space auto-
morphism of the D-closure of I*; it necessarily preserves the order. Because this
closure is convex in V*, we can extend this to an ordered D-space automorphism
of V* which fixes ax+1,...a,. This gives us that if ¢ is another sequence in V*
with the same quantifier-free type as @, there is an automorphism of V* taking
@ to ¢. With this observation, (1) easily follows.

To see (2), if the conclusion were false, there would be V** > V* having an
automorphism which fixes b but moves the set x(V**,@)N(I**)™. We restrict this
to I** and extend this restricted function to an ordered D-space automorphism
of V** fixing ag+41,...,an. This is then a full automorphism of V** fixing a but

moving x(V**), obviously a contradiction. 1

The above result clearly implies that if we start with an ordered vector space
V and enrich the structure by additional predicates on a bounded subset B, then
anything definable in the new structure is in fact definable in a quantifier-free
fashion using (perhaps other) predicates on B and the ordered vector space terms.
Special cases of this have appeared in [PSS] and [P1].

Our next project is to embed a group-interval M in a group which reflects
many of its properties. Very little of the strength of o-minimality is used in the
construction, but here we will only consider the o-minimal case. We recall the
facts that M is abelian (where the operation is defined), that every element has
a unique “half”, and that for any ¢,bin M, § + -2'1 is defined.

We create a group (4;+,...) containing M in the following fashion: Let
A = (M x w)/E where (a,n)E(b,m) if and only if 7% = 2%. (We then have
(a,n)E(§,n+1)E(§,n+2)....) For (a,n),(b,m) € M xw with n > m thereis a
unique b’ with (b, m)E(¥,n) and we set (a,n)/E+(b,m)/E = ((§+ %’), n+1)/E.
The fact that + on M is commutative when defined ensures both that this is well-
defined and that it equals (a+b',n) when the latter is defined. It is readily checked
that this endows A with an abelian group structure and that a — (a,0)/E is an
embedding of M into A. We will henceforth identify M with its image under this
map.

Since (M;+,<) is a group-interval it is divisible, and + is continuous with
respect to <. It is easily seen that (4;+) will be divisible and if we order it in
the obvious way ((a,n)/E < (b,n)/E if and only if a < b in M), + remains con-
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tinuous with respect to <. We let P be the collection of all 0-definable predicates
of any number of variables in M, and consider the structure

<A;+10’q’<’PyaO :PeP,qe Q)

Here we regard a rational ¢ € @ as a 0-definable (in (4;+)) function on A, and
ap is the upper endpoint of M inside A. It is clear that M is a closed interval
in A. The following summarizes our construction and demonstrates that several

relevant properties pass from a group-interval to the group created from it.

PROPOSITION 5.2: Let M = (M;+,<,...) be a group-interval. Then there
is a divisible ordered abelian group A = (A;+,<,...) such that M is a closed
interval of A and the structures M and A|M are interdefinable. A is o-minimal.
Further, if M is a CF structure, so is A.

Proof: Let A be the structure described above. It is clear that M is a reduct of
A|M. The converse is an immediate consequence of Proposition 5.1 with Q = D.

We now check that A is o-minimal. By the quantifier elimination result above
(Proposition 5.1), we need only check that any atomic formula with parameters
from A and a single free variable defines a finite union of points and intervals.
We may assume (as A = Upe,nM) that the parameters and constants @ come
from M. The atomic formulas in one variable z with parameters (including
constants) @ are equations and inequalities of terms in the pure @-space language
and formulas of the form P(¢(z,a),...,t(z,a)), where P is 0-definable in M
and the t;’s are terms of the pure Q-space language.

The intersection of the set defined by such a formula and M is a union of
intervals and points, and the same is true for nM for any n € w (since A|M
and A|nM are isomorphic via the map z — nz). But there is a natural number
n such that the given formula (P(t1,...,t;)) implies ~nay < z < nay because
for all i, we have ti(z,@) = giz + a; where q; is in the Q-space closure of a and
g¢i € Q, and for at least one i ¢; # 0.

To verify that A has the CF property, it is easiest to use the characterization in
Proposition 3.7. If A is not a CF structure then there is a family F = {fs: 4 €
Uland a point a € 4 such that
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But now, we can use + to transfer a to a point in the interior of M. Since every
(interior) point of a group (or a group-interval) is nontrivial we get a contradiction
to the fact that M is a CF structure. |

6. Embedding a group in a vector space

Our purpose here is to embed a group A whose theory is o-minimal and linear
into an ordered vector space in a natural way. More specifically, we will prove

the following:

THEOREM 6.1: Suppose that A is an o-minimal abelian group with linear
theory. Then there is an elementary extension V' of A which is a reduct of V, an

ordered vector space.

This result will lead quickly to a characterization of modular and linear group-
intervals. We first prove an effective quantifier-elimination result for Th(A) in
an appropriate language.

For any p.e.f of A, we consider the total function (denoted by f ) which is the
same as f on its domain, and whose value is constantly zero off dom(f). We
prove q.e. for Th(A) in the language L with +, < and these function symbols, as
well as names for the algebraic points. We will call the collection of all algebraic
points Ag; notice that the endpoints of dom(f) for any non-total p.e.f are in A,.

The q.e. will follow immediately from the following:

PROPOSITION 6.2: For any L-term t(z,7), there are terms s1(§),... sn(¥) and
formulas pi(z,§), (i = 1,2, 3) so that each p; is a Boolean combination of formulas

that say z = s;(), = < sk(§), = > s¢(§) and:
AEtz,7) > 06 p(z,9),
A Hz,7) <04 pa(z,7), and
A t(z,7) =0 ps(,7).

Proof: We define the notion of the x-depth of a term (with free variables z, 7

and parameters from Ay) as follows:

1. dp(z) = dp(s(y)) = 0 (any s(§) a term involving parameters from Ay but

no occurrence of z);

2. dp(—t) = dp(t);
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3. dp(t: + t2) = dp(t1) + dp(t2); and

4. if t is any term involving an occurrence of z and f any p.e., dp(f(t)) =
dp(t) + 1.

Notice that for terms of z-depth 0, the assertion is trivial. We prove the assertion
by induction on depth (z will remain fixed throughout). Any term can be written,
without changing its depth, as

t(z,7) = filta(e,§)) + - + fi(te(z,9)) + mz + s().

(Here m is an integer.) We may assume none of the f;’s is constantly zero; for
each f; we let (—a;,a;) be its domain and (—b;, b;) its range. We suppose that

we have proved the assertion for terms of smaller depth, and break into 3 cases:

1. m = 0. This is the main case. Pick ¢ with b; maximum. We may assume
that i = 1 and that f; > 0. Now let h(z) = kf{ ! (}z) for z € (—kby, kby),
h undefined elsewhere. That is, h is just f;'! extended to a larger interval.
Then we have that h is a p.e., and as long as [t;]| < a1 and |s(3)| < kb,
that

AEt> 08t +h(fit(e, 7)) + - + h(s(7)) > 0.
Let gi(z) = h(fi(z)) for = € (—a;,a;) and i = 2,---+k. We have, actually,

AEt> 06 {(t] 2 @) A fite) + - + fulte) + s(5) > 0}\/

{It1] < a1 A[(|s(F)] < kbi Aty +§a(tz)+. .. Gx(te)+h(s) > 0)Vs(§) > kby]}.

The terms involved in the above expression have lower depth than ¢, so we
finish this case by induction. (We deal similarly with the formulas t < 0
andt=0.)

2. m # 0, and at least one f;(t;) has depth 1. Suppose dp(fi(t1)) =1, s0 ;
is £z + u(y), where £ # 0. Let f; = £f1 + m on (—ay,a;) and

]
§=8——u.
14

Then, for
U
|$ + zl <a,
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we have

m

f,(ez+u)+mx+s=ef1(x+%)+m(z+%)+(s— %)

which is equal to fi(z + %) + s'. We have
u 5 u, s 2 ,
AE{-a <z+ 3 <aAt=file+3)+hlta) filte) + 1\

{|z+%|201/\(t>0<=>f2(t2)+"'+8+m1?>0)}-

With this substitution we reduce to the previous case.

3. Not case 1 or 2. Then tis fi(t1) + - + fi(tx) + mz + s, where every t;
has positive depth and m # 0. We deal with this exactly as in the first
case, except that now our main replacement term for £ is t; + §2(¢2) +
-+ + gk(tx) + R(mz + s). This has the same depth as ¢, but it now falls
under either case 1 or case 2, depending on the depth 0 part of ¢;. This
completes the proof.

COROLLARY 6.3: In the language described above, Th(.A) eliminates quantifiers.

Proof: Just like for ordered vector spaces. |

We should note exactly which axioms of Th(A) were used in the above proof.
We need that (A4;+, <) is an ordered @Q-space. For each p.e.f, say with domain
(—ay,af), we require an axiom stating that f(z+y) = f(z)+f(y) ifr,y,z+y €
(—ay,az) and f(z) = 0 for |z] > as. We need the various relations that hold
among the p.e.’s; for example that f(z) + §(z) = f/-l-\g(:c) for z € dom(f) N
dom(g), or if we have that dom(f) C dom(g) and that f(z) = g(z) on dom(f)
we need to include f(z) = §(z) for —ay < z < ag as an axiom. Finally, the
equations and inequalities among quantifier-free terms should be included. The
collection of all such sentences therefore provides an axiomatization of Th(A).

We define dom(t) (the “real domain” of t) for any L-term #(z). First, if
t'(z1,...,%k+1) = t(z1,...,2k), then dom(t') = dom(t) x A. For z a vari-
able, dom(z) = A; for a € Ay, regarded as a 0-ary term, the notion is vac-
uous. If ¢(Z) = t1(Z) + t2(Z), then dom(t) = dom(t1) N dom(tz). Finally, if
t(z) = f(s(2)) for f a p.e., dom(t) = {a@ € dom(s): s(&) € dom(f)}. Notice that
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dom(t(z,...,zk)) is always 0-definable in our chosen language, and is in fact an
open neighborhood of 0 in 4*.

We recall the division ring D associated naturally with any A satisfying the
hypotheses of Theorem 6.1. We identify two p.e.’s f and g if they agree on
some (any) nonzero element of dom(f) N dom(g); the equivalence classes are the
elements of D. We will write dy for the element of D corresponding to the p.e. f.
Choose an |A|*-saturated elementary extension A’ of A. Let V be the set of all
infinitesimal elements of A’ together with 0. It is readily seen that V inherits an
ordered D-space structure, call it V, from &', with dy = f|V. Given any L-term
t(z), we let t*(Z) be the corresponding term of the vector space language, i.e.,

replace any f by d 7. Similarly, for any formula x(Z) of the form
N\ti@) >0A \si(@) =0

of the language of A again involving no constant symbols except 0, we write x*
for the corresponding formula of the ordered vector space.

We aim to find an embedding ¢ of A into V so that for every L-term ¢ and
@ € dom(t) we have

AEt@E)> 0=V =t (s(a)) > 0.

Also we show the corresponding result if A = s(@) = 0 for a term s. This
amounts to realizing a type p inside V of a collection of formulas with |A| vari-
ables, where each formula has the form x*(Z) for x as described above. So we
will prove by induction on the number of variables Z that if A |= 3Z[x(Z)AAZ €
dom(t;) N domn(s;)], then V |= 3zx*(Z). We let x' abbreviate x(Z) A AZ €
dom(t;)Ndom(s;). There is nothing to do if there are no free variables in x. The
consistency of the relevant type is immediate from the following simple proposi-

tion:
PROPOSITION 6.4: For x(Z) as above, if A |= 3%x'(Z), then for any ¢ > 0,
AE32(x'(2) A \lail <€)

Proof: If this is false, choose ¢ minimal so that

AE K@ ANl <= sl 2 e

i<i
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Consider the set
{zi: 2y -+ ziyzigr -z (X (F) A /\ |z;] < €)}.
J<i

This is nonempty but bounded away from zero. We may assume it has a positive
element and then let e be the infimum of the positive elements of this set. Pick
any a; with 0 < a; < 2¢ in this set. We can find a with ith entry a; so that
A= x'(@) A A\j<ilaj| < e. Now notice that for any term () with no constants,
if @ € dom(t), so is }&, and #(3a) = 3¢(a). This implies that 4 |= x'(}a). But
clearly 4 |= A (; |2a;| < € too, so 1a; is in the set; this contradiction establishes
the proposition. 1

This proposition makes the consistency of all the x*(Z)’s in p clear, and this
leads instantly to the existence of the function o required. It is also immediate
that, given a from A, if A | 3zx/(g,a), then V | 32x*(Z,0(a)). We identify A
with ¢(A4) in what follows.

It is clear what reduct V' of the vector space V we will take to verify Theorem
6.1. We keep + and <, and name all the points in Aq. Finally, for any p.e. f of
A with dom(f) = (—a, a), the function fY so that fV(z) = dg(z) for —a<z < a
and 0 elsewhere is 0-definable in the ordered vector space with a named, so this
is the interpretation of f in V'. It is obvious that )’ satisfies the axioms listed
above for Th(A), and now from the quantifier elimination for A, we see that
A <V'. This completes the proof of Theorem 6.1. ]

Now, as promised, we can easily characterize group-intervals whose theory is

o-minimal and linear (modular). The result is:

THEOREM 6.5: Let T be the theory of an o-minimal CF group-interval. Then
there is an interval of an ordered vector space T such that T is a reduct of Th(T).
If T is in fact modular, T is interdefinable with Th(I).

Proof: We know how to construct a full group out of any M |= T. Then we
know how to embed said group into an ordered vector space. The division ring
for this space remains the one we have for M. It is clear that anything definable
in M is definable in the vector space by Proposition 4.2 above. In the modular
case, we have (Lemma 4.3) that in M, for every p.e. f, either f or f~! is total.
From this and the quantifier elimination for V|I (as pointed out on page 9), it is

clear that M gains no new structure when it is identified with I C V. |
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Example 6.6: Let R' be a nonstandard elementary extension of the real field,
a« € R' be infinite, and f the p.e. defined on (~a~1,a7?) by f(z) = az.
Then Th(R';+,<,f) is linear in our sense, and a reduct of an ordered vec-
tor space over D = Q(a). However, if we let A < (R';+,<, f) omit the type
{z > 1,z > 2,z > 3,...}, we cannot expand A itself to an ordered vector
space over D. The group that arises in our construction of the last section from
(R';+,<, A[-1,1] will be such an A.
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